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ABSTRACT
In this study, the Homotopy Perturbation Method (HPM) is used to investigate nonlinear vibration behavior of a 
buckled  beam  subjected  to  an  axial  load.  The  motion  equation  has  been  solved  due  to  vibration  of  a  beam. 
Comparison between HPM results with time marching approach results demonstrates high accuracy of this method. 
This method can easily extend to solve other nonlinear vibration equations of the beams, plates and shells in the 
future.
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1. INTRODUCTION
Vibration  analysis  of  the  beams  is  an  important  issue  in  structural  engineering  applications  such  as  long  span 
bridges,  aerospace  vehicles,  automobiles  and  many  other  industrial  usages.  The  dynamics  of  continuous  or 
distributed  parameter  systems, such  as  beams,  plates,  and  shells,  are  governed  by  nonlinear  partial-differential 
equations in space and time. These partial-differential equations and associated boundary conditions form an initial 
boundary-value problem. In general it is hard to find exact or closed-form solutions for this class of problems. 
Consequently, one seeks approximate solutions of the original problem.
The study of nonlinear vibration equations solution has been applied by many researchers and various methods of 
solution  have  been  used.  In  recent  years,  much  attention  has  been  devoted  to  the  new  developed  methods  to 
construct an analytic solution of nonlinear vibration such as He’s Homotopy Perturbation Method (HPM) [1-5], 
Homotopy Analysis Method (HAM) [6-10], He’s Parameter-Expanding Method [11,12],He’s Variational Iteration 
Method (VIM) [13-17] and He’s Energy Balance Method (EBM) [18-20] and etc.
There are two classes of approximating solutions for initial boundary-value problems: numerical methods (e.g., 
finite  differences,  finite  elements,  and  boundary  elements) [21-23] and  analytical  methods  [24-27].  Analytical 
methods can be divided into two categories: direct and discretization techniques. For weakly nonlinear systems, 
direct techniques are used. Discretization method used to discretized the partial differential equation into a set of 
nonlinear ordinary differential equation and then solved analytically in time domain. One of the most commonly 
used methods for discretization is the Galerkin procedure. Besides all advantages of numerical methods, due to 
convenience for parametric studies and accounting of the physics of the problems, an anlytical solution appears 
more  appealing  than  the  numerical  one.  Also,  analytical  solutions  give  a  reference frame  for  verification  and
validation of other numerical approaches.
The  main propose of this study is to  obtain  analytical expressions for geometrically nonlinear  vibration of the 
buckled beams. With the Galerkin approach, governing nonlinear partial differential equation is reduced to a single 
nonlinear  ordinary differential equation.  The  latter  equation  is  solved  analytically  in  time domain using  HPM. 
Ultimately HPM method results compared with time marching solution.
2. THEORICAL FORMULATION
Consider a straight beam of length L, a cross-section A, a mass per unit length m, moment of inertia I, and modulus 
of elasticity E, that subjected  to an axial force of magnitude  F as shown in figure 1. The equation of motion 
including the effects of mid-plane stretching is given by [28,29]:
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Figure 1. A schematic of a beam subjected to an axial load
For convenience, the following non-dimensional variables are used:
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Where  ( / ) R I A  is the radius of gyration of the cross-section. As a result Eq. (1) can be written as follows:
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Assuming  ( , ) ( ) ( ) W X t X t    where  ( ) X  is  the first eigenmode of the  beam [30]  and applying the  Galerkin 
method, the equation of motion is obtained as follows:
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Where dot denotes differentiation with respect to time and ,   and  are as follows:
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Here prime denotes differentiation with respect to x.
The Eq. (3) is the differential equation of motion governing the nonlinear vibration of buckled beam. The center of 
the beam subjected to the following initial conditions:
(0) , A   (0) 0                         (7)
A denotes the non-dimensional maximum amplitude of oscillation.
3. HOMOTOPY PERTURBATION SOLUTION
We construct a homotopy:
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Where  [0,1] p  is an embedding parameter.
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The basic assumption of the technique is that the solution of eq. (8) can be obtained  as a power series of the 
homotopy perturbation parameter p:
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0 1 2 ( ) ( ) ( ) ( ) ...... t t t p t p                              (9)
Substituting eq. (9) into eq. (8) and rearranging the resultant equation based on powers of p-terms, one has:
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With the effective initial approximation for
0( ) t  from the boundary conditions to eq. (10), we construct 
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Substituting eq. (13) into eq. (11) and solving it, we have:
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Where:   39 /2   .
We also calculate 
2( ) t  in the similar manner and so on.
Then:
0 1 ( ) ( ) ( ) ... t t t      
4. RESULTS
Figure 2 shows comparison between HPM solution with Runge-Kutta 4th order method.. for more clearance we 
compare these methods for  t=2 in table 1.  It can be observed that there is an excellent agreement between the 
results obtained from the HPM with those of Runge-Kutta. 
Figure 2. The comparison between HPM solution with Runge-Kutta 4
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Table 1. Comparison between HPM and time marching solutions for the motion equation (1), when t=2.
A HPM Runge-Kutta  Error(HPM)
0.01 0.003653635 0.003653635 0.000000000
0.1 0.036549324 0.036549298 0.000000026
0.2 0.073177246 0.073176369 0.000000877
0.3 0.109962361 0.109955690 0.000006671
0.4 0.146983265 0.146955170 0.000028095
0.5 0.184318557 0.184232891 0.000085666
0.6 0.222046831 0.221833912 0.000212919
0.7 0.260246686 0.259787097 0.000459589
0.8 0.298996717 0.298102022 0.000894695
0.9 0.338375521 0.336765918 0.001609603
1 0.378461695 0.375740694 0.002721001
5. OVERALL CONCLUTIONS
In this study the HPM was employed to obtain analytical expression for the nonlinear deflection of Buckled beams. 
The HPM solution converges quickly and its components can be simply calculated. Beside the advantages of the 
HPM method it can not use for wide domain of amplitudes but has a grate accuracy in small amplitudes.
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